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Abstract
Due to the experimental evidence, in the last decades the leak law, i.e. the relationship between the system functioning conditions
and the leakage, has been seriously questioned. Some corrections have been introduced in the classical oriﬁce equation to take
into account all the relevant parameters it depends on (e.g. leak shape, pipe material and thickness, ...). Even if a perfect law is
derived for a single leak in a pipe still an open issue remains, that is the use of the same leak law for a whole network or district.
In terms of practical applications, the link from a single leak outﬂow to a system leakage is relevant since it allows the transfer
of the results from laboratory experiments to real systems –from the local scale of a single leak to the global scale of a district
with several diﬀerent leaks. In this paper the eﬀect of the spatial variation of the leak law parameters at the local scale on leak law
determination at a global scale are considered. Conclusions on the possible comparison between the laws at the two scales are given.
© 2013 The Authors. Published by Elsevier Ltd.
Selection and peer-review under responsibility of the CCWI2013 Committee.
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1. Introduction
The leak law is conventionally deﬁned as the relationship between the leakage and the physical quantities it depends
on. Following a practical approach, the pressure is the main quantity to be considered so that in some cases the leak
law is also deﬁned as the ”pressure:leakage relationship” (e.g. Lambert 2001) and can be expressed as
QL = aIhbI (1)
where QL denotes the leakage, h is the pressure head, aI and bI are parameters. The Eq. (1) is strictly related to the
well-known Torricelli’s (or oriﬁce) equation
QL = CLAL
√
2gH (2)
where AL is the leak area, CL is the discharge coeﬃcient, g is the gravity acceleration and H is the total head. Actually
the two formulae coincide when aI = ALCL
√
2g, bI = 1/2 and h is used instead of H.
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Eq. (2), derived for an oriﬁce in the thin bottom of a tank, has been widely used in the literature to interpret the
leakage in the pressurized pipe systems. This extension, to be physically based, should also consider:
− the applicability of Eq. (2) to a leak on the side of a pipe bounding a streamﬂow;
− the use of h instead of H and of the”pressure:leakage” expression instead of ”head:leakage”;
− the assumption of constant leak area and discharge coeﬃcient, irrespective of pressure and discharge inside the
pipe;
− the eﬀects of the possible groundwater ﬂow around the pipe;
− the use of Eq. (1) or other similar equations to link the leakage of a district comprehending several leaks in
pressurized pipes with a mean or a representative head value.
The ﬁrst two issues can be addressed considering that the application of Eq. (2) to evaluate the leakage from a
single leak in a pressurized pipe has been experimentally conﬁrmed, provided that the leak has a constant eﬀective
area AE = CLAL and that the total head is referred to the total head outside the leak (e.g.: Ferrante 2012; Greyvenstein
and van Zyl 2007; Osterwalder and Wirth 1985). When there is no ﬂow in the pipe downstream of the leak, that is
the whole upstream ﬂow exits through the leak, Eq. (2) can be also derived by means of the Bernoulli’s theorem (e.g.
Ferrante et al. 2013). Furthermore, the use of h instead of H is not a relevant issue in pressurized pipe systems where
the contribution of the velocity head can be neglected.
The variation of leak area and discharge coeﬃcient with pressure has been widely discussed in the last decades.
Starting form May (1994), the linear variation of the leak area with pressure has been used to explain why some
experimental data do not follow Eq. (2) and suggest a value of bI > 1/2. This diﬀerence in bI can aﬀect the pipe
system response when an inverse technique is used for the leak detection (Ferrante et al. 2009; Meniconi et al. 2011).
More recently, other Authors contributed to the explanation of this phenomenon (e.g.: Cassa et al. 2010; Greyvenstein
and van Zyl 2007; Thornton and Lambert 2005; van Zyl and Clayton 2007; Walski et al. 2006). Since the leak
deformation with pressure depends on the relationship between stresses and strains in the pipe, the leak law can
depend on the pipe material (e.g.: Ferrante et al. 2011; Ferrante 2012; Massari et al. 2012). At the same time, the
variation of CL with the pipe functioning conditions cannot be excluded as well as its variation with the leak area
variation.
From the analysis of the state of the art, it seems that further work is needed to determine a general leak law for a
single leak, comprehending all the parameters the leak outﬂow depends on. But even if a reliable law is derived for a
single leak in a pipe, still an open issue remains: that is the possible application of a leak law to a whole network or
district. In terms of practical applications the link from a single leak outﬂow to a system leakage is relevant since it
allows to transfer the results from laboratory experiments to functioning systems, from the local scale of a single leak
to the global scale of several diﬀerent leaks in a district.
When a single leak is considered, the pressure measurements at the leak are related to the measured leak outﬂows.
The pressure and the total head variations from upstream to downstream of the leak can be neglected for practical
applications (Ferrante et al. 2012) and one pressure transducer close to leak can be used. The outﬂow can be measured
directly or as the diﬀerence between the measured discharges in the pipe upstream and downstream the leak.
When a district is considered, the total leakage used for the leak law can be estimated by minimum night ﬂow
measurements. The measured discharge at the district inﬂows contains a residual part of consumptions, that can have
a pressure dependent component, and the contribution of the single leak to the total leak outﬂow cannot be easily
separated, even by step tests. The total amount of leakage is then related to pressure values that can represent the
mean pressure distribution over the district (possibly the mean of simultaneous pressure values at diﬀerent gauges
uniformly distributed in the district) or to the measured pressure at a single gauge. It can be the same gauge used to
control the pressure over the district, located in a critical section of the system, or downstream of a pump or a control
valve). As an example, in the paper by May (1994) the leakage ﬂow is related to an average night zone pressure and
Lambert (2001) refers to average pressure over districts.
In this paper the transfer of the information of the leak law from the local scale to the global scale is analyzed
to understand if a leak law at a local scale necessarily yields the same law at the district scale or if diﬀerences
are expected. The eﬀect of random uncorrelated variations of leak law parameters at the local scale on leak law
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determination at a global scale are considered. Conclusions on the possible comparison between the laws at the two
scales are given.
2. Flat district with negligible head losses
In a ﬂat horizontal district, if the head losses are negligible the total head can be considered uniform in space. In
this particular circumstance, a pressure transducer can be used to give a representative value of H in the whole district
and the head value in a single location is equal to the mean value of H in space, i.e. H = H¯, with the bar denoting
the mean values. If n leaks with the same geometry are distributed in a district with pipe of the same material and
thickness, we can assume that the same values of aI = a¯I and bI = b¯I is associated to each leak. As a result, assuming
that the head outside the pipes is zero everywhere, the local leak outﬂow can be written as
Q¯L = a¯I H¯b¯I (3)
Under these assumptions, the total leakage from the district QD is just the sum of n equal terms and Eq. (1) holds
for the district
QD =
n∑
i=1
QLi = nQ¯L = aDH¯b¯I (4)
if a total leak eﬀective area aD = na¯I is used. Hence, for this very simple case, we can conclude that QL and QD show
the same functional dependence on the Hb¯I and Eq. (1) can be used both at a local and a global scale considering the
single local or the district total leak eﬀective area.
2.1. Random variation of aI
If the leak eﬀective area varies in space, from leak to leak, the local value of aI can be expressed as aI = a¯I + a′I ,
where the prime denotes the perturbation around the mean. We assume here that a′I has a normal distributionN(0, σ2aI )
with the mean a¯′I = 0 and a standard deviation σaI . The local value of the leakage, i.e. the outﬂow at each leak, can
be expressed as
QL = Q¯L + Q′L = (a¯I + a
′
I)H¯
b¯I (5)
For this case, taking the mean values of Eq. (5), the equation
Q¯L = a¯I H¯b¯I (6)
similar to Eq. (1), predict the mean value of the leak outﬂow at a local scale, depending on the mean values of the
parameters; the same functional relationship of the local scale is preserved at the global scale (i.e. Eq. (4) holds).
Obviously, due to a′I , the local leak law for each leak varies and spreads around the mean relationship given by Eq.
(3). Since the perturbation a′I is a random variable with a normal distribution, the spreading on QL is characterized by
a normal distribution with the standard deviation
σQL = σaI H¯
b¯I (7)
dependent on H¯bI . As a result, QL and aI have the same variation coeﬃcient, CVaI and CVQL , deﬁned as the ratio
between standard deviation and mean value
CVQL =
σQL
Q¯L
=
σaI H¯
b¯I
a¯I H¯b¯I
=
σaI
a¯I
= CVaI (8)
Considering the resulting leak law at the district scale, with QD =
∑n
i=1 QLi, it is
σQD =
√
nσQL =
√
nσaI H¯
b¯I (9)
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Fig. 1: Local leak laws for 100 leaks in a district with random aI , (a), and global leak laws in 100 districts with 100 leaks each compared with the
mean equation (solid line), (b).
and hence
CVQD =
σQD
QD
=
√
nσQL
n Q¯L
=
CVQL√
n
(10)
As an example, in Fig. 1a the local leak laws for n=100 leaks in a district are shown, with bI = 1/2, a¯I = 4.43 10−5
m5/2s−1 and CVaI=0.2. The increase of the spreading of the local leak law curves with H described by Eq. (7) is
clearly shown.
In Fig. 1b the corresponding global leak laws, for 100 generated districts with the same statistical characteristics
of the district of Fig. 1a are shown. The global leak law obtained by means of Eq. (4) is also shown for comparison
(solid line).
The comparison between Figs. 1a and 1b visually conﬁrms what suggested by Eq. (10): the spreading around the
mean values of the global laws of the districts (Fig. 1b) is lower compared to those of the leaks in a district, at the
local scale (Fig. 1a).
2.2. Random variation of aI and H
If the distribution of H in the district is not uniform but it varies in space with H = H¯ + H′ and it is uncorrelated
with the perturbation of aI , it is
QL = Q¯L + Q′L = (a¯I + a
′
I)(H¯ + H
′)b¯I = a¯I H¯b¯I + H¯b¯I a′I + a¯I b¯H¯
b¯I−1H′ +
a¯I b¯I(b¯I − 1)
2
H¯b¯I−2H′2 + ... (11)
From a physical point of view, the presence of H′ can be justiﬁed considering that the head distribution H¯ is
uniform over the district but the leak elevation or the head outside of the pipe varies locally. We assume that the
variations H′ are small, have a normal distribution N(0, σ2H) and are uncorrelated with a′I . In this case, the mean leak
outﬂow can be estimated by
Q¯L = a¯I H¯b¯I +
a¯I b¯I(b¯I − 1)
2
H¯b¯I−2σ2H + ... = a¯I H¯
b¯I
(
1 +
b¯I(b¯I − 1)
2
CV2H + ...
)
(12)
and it is well approximated by Eq. (6) for low values of CVH . As an example, if CVH has an order of magnitude of
10−1 , the diﬀerence of Eq. (12) with respect to Eq. (6) has an order of magnitude of 10−2.
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Fig. 2: Local leak laws for 100 leaks in a district with random aI and H, (a), and global leak laws in 100 districts with 100 leaks each compared
with the mean equation (solid line), (b).
By means of Eq. (11), the variance of QL can be evaluated as
σ2QL = σ
2
aI H¯
¯2bI + σ2Hb¯I
2a¯I2H¯2(b¯I−1) (13)
while in terms of variation coeﬃcients, it is
CV2QL = CV
2
aI + b
2
ICV
2
H (14)
In Fig. 2a the same set of data of Fig. 1a is used, adding to H¯ a gaussian perturbation H′ with a zero mean and
CVH = 0.1. When the variation of the leak eﬀective area is appreciable and when the head varies over the district,
the measure of Q¯L can be largely aﬀected by both the chosen local value of H and by the spreading of aI and from a
statistical point of view, chances are that the two equations can be very diﬀerent.
The diﬀerences can be increased by the mean bI exponent if it’s larger than one. The same eﬀect can be due to the
the positive correlation between H and aI that could actually be expected since an increase in the mean pressure head
can be reasonably associated to an increase in the eﬀective area of the leaks.
2.3. Random variation of bI
The possible variation of the bI exponent alone has a physical meaning considering that it mostly depends on the
pipe material and thickness and on the leak geometry and orientation (longitudinal and radial cracks have diﬀerent
leak law exponent at a local scale).
In this case, assuming a uniform distribution of aI and H over the district, it is
QL = Q¯L + Q′L = a¯I H¯
b¯I+b′I = a¯I H¯b¯I + a¯I H¯b¯I log H¯ b′I + a¯I H¯
b¯I log
2 H¯
2
b′2I + ... (15)
and the mean leak outﬂow is given by
Q¯L = a¯I H¯b¯I + a¯I H¯b¯I
log2 H¯
2
σ2bI + ... = a¯I H¯
b¯I
⎛⎜⎜⎜⎜⎜⎝1 + b¯I
2 log2 H¯
2
CV2bI + ...
⎞⎟⎟⎟⎟⎟⎠ (16)
The term inside the parenthesis is equal to 1 when Eq. (15) is approximated to the ﬁrst order in terms of the perturba-
tion b′I while this second order correction term takes place when values of CVbI and H¯ are not negligible. It is worth
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Fig. 3: Local leak laws for 100 leaks in a district with random bI , (a), and global leak laws in 100 districts with 100 leaks each compared with the
mean equation with and without the second order correction, (b).
noting that in this case, i.e. an appreciable variation of bI over the district, Q¯L, and hence QD, depends also on log H¯
and not just on H¯b¯I as in Eq. (6).
Basing on Eq. (16), the standard deviation and the variation coeﬃcient of QL can be estimated by
σ2QL =
(
a¯I H¯b¯I logH¯
)2
σ2bI (17)
In Fig. 3a the local leak laws for n=100 leaks in a district are shown, with b¯I=0.5 and CVbI=0.2. In Fig. 3b the
corresponding global leak laws, for 100 generated districts with the same statistical characteristics of the district of
Fig. 3a are shown. The global leak law obtained by means of Eq. (16) is also shown for comparison, considering
the approximation to the ﬁrst order (dashed line) and the second order (dash-dotted line). Although a value of the
variation coeﬃcient similar to those used for aI and H is used, the second order correction term is needed to properly
interpret the global leak laws, while the ﬁrst order approximation mean, i.e. Eq. (6), systematically underestimates
the global leak laws curves.
In this case, the variation of the mean local leak law produces a mean global leak law over the district that has a
larger bI exponent or a diﬀerent functional relationships. Under these circumstances, the comparison between local
and global leak laws can be misleading.
For the sake of completeness, in Fig. 4 other global scale leak laws are shown similar to those of Fig. 3b, with
diﬀerent values of CVbI and b¯I .
The comparison of Fig. 4a with Fig. 3b conﬁrms that the second order correction term is negligible if CVbI = 0.05
that is σbI = 0.025 for bI = 0.5. On the contrary, the same value of σbI = 0.1 of Fig. 3b, but with CVbI = 0.1 and
bI = 1.0, is used for Fig. 4b. For both the considered cases, the second order correction term is needed since the ﬁrst
order mean underestimates almost all the generated global leak laws. The second order mean does not keep the linear
dependence of QD on H¯.
To make this aspect more evident, in Fig. 4c the same case of Fig. 4b is considered, but withCVbI = 0.2. While the
ﬁrst order mean global leak law maintain the same straight line shape, the second order mean law shows a curvature
that could be wrongly attributed to an increase in b¯I .
The same value of σbI = 0.2 of Fig. 4c, but with CVbI = 0.1 and bI = 2.0, is used for Fig. 4d. In both cases we
could consider the need of a further correction term in the mean global leak values since it seems that even the second
order mean does not provide a correct estimate of the mean QD when compared to all the generated global leak laws.
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Fig. 4: Global leak laws for 100 districts with 100 leaks each with a random bI , for b¯I = 0.5 and CVbi = 0.05, (a), b¯I = 1.0 and CVbi = 0.1, (b),
b¯I = 1.0 and CVbi = 0.2, (c), b¯I = 2.0 and CVbi = 0.1, (d)
Conclusions
In this paper the use of the leak law at the local scale, for a single leak, is compared to the use of the same law but
at a global scale, over the district. In fact, data from laboratory set up and from functioning network are sometimes
compared. Leak laws are simulated at a local scale with a random variation of the parameters and the generated global
leak lawparameters are compared. The spreading of the data and its eﬀects on the leak laws are also considered.
The analytical derivation of the mean global leak laws for random local leak law parameters gives some interesting
insights. As an example, if all the leak laws of a district have the same H exponent but it slightly varies, from leak to
leak, around the mean value, the global district law has not the same exponent.
Basing on this ﬁnding, diﬀerences from global to local leak laws can be expected and even if a linear relationship
is considered for the local leak laws, the resulting global leak law is no more linear.
658   M. Ferrante et al. /  Procedia Engineering  70 ( 2014 )  651 – 659 
0 10 20 30 40 50 60 70 80
0
5
10
15
20
25
30
35
40
45
H [m]
Q D
[L/
s]
 
 
1st order mean law
2nd order mean law
Distric realization law
(a)
0 10 20 30 40 50 60 70 80
0
10
20
30
40
50
60
H [m]
Q D
[L/
s]
 
 
1st order mean law
2nd order mean law
Distric realization law
(b)
Fig. 5: Global leak laws for 100 districts with 100 leaks each with b¯I = 0.5, and CVbi = CVai = CVH = 0.1, (a), and CVbi = CVai = CVH = 0.2,
(b)
This results suggests that the comparison between data referred to districts and data coming from the laboratory
cannot be necessarily comparable and further work is needed to assess this behavior.
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